We show that in integro-differential delayed dynamical systems, a hybrid state of simultaneous fastscale chaos and slow-scale periodicity can emerge subsequently to a sequence of Hopf bifurcations. The resulting time trace thereby consists in chaotic oscillations ''breathing'' periodically at a significantly lower frequency. Experimental evidence of this type of dynamics in delayed dynamical systems is achieved with a Mach-Zehnder modulator optically fed by a semiconductor laser and is subjected to a delayed nonlinear electro-optical feedback. We also propose a theoretical understanding of the phenomenon. DOI: 10.1103/PhysRevLett.95.203903 PACS numbers: 42.65.Sf, 05.45.Jn Since the pioneering work of Ikeda [1], important experimental and theoretical research has focused on the dynamics of nonlinear optical systems with delayed feedback, and the so-called Ikeda equation has been converted into a paradigm for the study of differential-delay systems in physics. In particular, a wide variety of acousto-optical and electro-optical systems can be modeled with an Ikeda equation [2, 3] , or one of its modified versions. For example, some acousto-optical devices were modeled with an Ikeda-like equation containing higher-order differential terms [4] , while in another setup, the limit case of a zero delay was studied [5] . In all cases, several types of instabilities and nonlinear behaviors have been evidenced and investigated, from bistability to hyperchaos. However, if a wide variety of differential delayed systems have been investigated, only a very limited interest has been paid until now to the nonlinear dynamics and bifurcation behavior of integro-differential delayed systems. Here, a quite interesting and unreferenced phenomenon can be observed: simultaneous fast-scale chaos and slow-scale periodicity.
Since the pioneering work of Ikeda [1] , important experimental and theoretical research has focused on the dynamics of nonlinear optical systems with delayed feedback, and the so-called Ikeda equation has been converted into a paradigm for the study of differential-delay systems in physics. In particular, a wide variety of acousto-optical and electro-optical systems can be modeled with an Ikeda equation [2, 3] , or one of its modified versions. For example, some acousto-optical devices were modeled with an Ikeda-like equation containing higher-order differential terms [4] , while in another setup, the limit case of a zero delay was studied [5] . In all cases, several types of instabilities and nonlinear behaviors have been evidenced and investigated, from bistability to hyperchaos. However, if a wide variety of differential delayed systems have been investigated, only a very limited interest has been paid until now to the nonlinear dynamics and bifurcation behavior of integro-differential delayed systems. Here, a quite interesting and unreferenced phenomenon can be observed: simultaneous fast-scale chaos and slow-scale periodicity.
In this Letter, the system under study corresponds to the experimental setup of Fig. 1 . The electro-optical feedback loop is composed with several elements: a Mach-Zehnder modulator whose radio-frequency and dc half-wave voltages are V and V dc , respectively, biased with a voltage V B and illuminated by a continuous-wave semiconductor laser source of power P, an optical fiber delay line of delay time T D , a photodiode with gain g, and a radio-frequency amplifier with gain G to convert the optical feedback signal into an electrical voltage Vt for the Mach-Zehnder electrode. The overall attenuation of this feedback loop (delay line, connectors, etc.) is described in terms of the parameter A. The electronic bandwidth of the feedback loop is supposed in first approximation to result from two cascaded linear first-order low-pass and high-pass filters, with low and high cutoff frequencies f L and f H , respectively. If we consider xt Vt=2V as the dimensionless variable describing the system, its dynamics can be modeled by the following integro-differential delayed equation [6] : We can now analyze the dynamics of the system with respect to the feedback strength (which is proportional to the feeder-laser power P) and the offset phase (proportional to the bias voltage of the Mach-Zehnder V B ). If we introduce the variable y ruled by two new dimensionless parameters. The first one is the ratio between the low and the high cutoff frequencies = 5 10 ÿ6 . The second one is the dimensionless delay R T D = 1:2 10 3 , which also roughly indicates the order of magnitude for the effective number of degrees of freedom attached to the system [6] . The flow of Eq. (2) has a single stationary point x st ; y st 0; cos 2 , and the stability of this unique fixed point can be investigated through the eigenvalue equation
It is known that a Hopf bifurcation may occur in the system when becomes pure imaginary, that is, when i!. According to Eq. (3), the frequency ! of the limit cycle induced by the Hopf bifurcation should obey the nonlinear algebraic system
where sin2 is the relevant control parameter for the bifurcation. The solutions H ; ! H of the above algebraic system give the critical value H of the control parameter for which the fixed point turns unstable and bifurcates to a limit cycle of frequency ! H . We can first uncouple Eqs. (4) and (5) to obtain independent equations for and ! following 1 cos
whose solutions may be approximated with an excellent precision as
on the one hand, and as
on the other, k being a stricly positive integer. From Eq. (5), it clearly appears that the fixed point x 0 is stable independently of R when jj j sin2j < 1. In particular, it is interesting to notice that this trivial fixed point is stable independently of when < 1. However, limit cycles of frequency ! k may emerge when crossing the critical bifurcation value of their related counterpart k (which is always such that j k j > 1).
For positive , the first bifurcation occurs at 1 1 2: 5 10 ÿ7 , leading to the emergence of a limit cycle of frequency ! 1 =R, corresponding to a period of 2T D 60 ns. When is further increased, the fundamental frequency of that limit cycle remains constant, even though the waveform changes from a sinusoid to a quasi-square wave [7] . Numerical simulations show that starting from an initial condition corresponding to the stationary fixed point, the system always evolves to limit cycles of period 2T D when is increased beyond 1 (see Fig. 2 ), and chaos is observed when is sufficiently high.
On the other hand, for < 0, the first limit cycle to emerge appears at 2 ÿ1 ÿ 9:1 10 ÿ6 with a frequency ! 2 2=R, corresponding to a period of T D 30 ns. But in this case, when is increased in absolute value and reaches the value 0 ÿ1:003, the limit cycle of frequency ! 0 =R p emerges and becomes the attracting
Effectively, when is increased subsequently to the secondary bifurcation at 0 , we can witness the arising of a hybrid regime where a fast-scale dynamics is superimposed onto the slow-scale limit cycle. For example, it can be seen in Fig. 3(a) that when is increased to 1.5, the amplitude extrema begin to behave locally like paired fixed points, in the sense that the dynamics becomes significantly slow at their neighborhood. As is further increased, quasi-square-wave oscillations of period 2T D emerge at their vicinity, but as can be seen in Fig. 3(b) they are rapidly damped just after their birth, that is, as soon as the system moves away from an extremum: we refer to them as breathers, and, at this stage, these breathers are still periodic. The internal frequency and the exponential damping of the emerging breathers can also be estimated analytically. In fact, at this early stage, the mean value contribution of the feedback term cos 2 x R in Eq. (2) is canceled by the mean value of filter term y, whose fluctuating component is negligible. Therefore, the extremax st of the low-frequency oscillation coincide with a good approximation to the solutions of the transcendental algebraic equation x 1 2 cos2x . Then we can track the evolution of a perturbation x x 0 e i!t around the extremax st , and it is found that the breathers emerge with a winding frequency! =R, and are damped at a rate ' ln=R, with sin2x st . When is increased, the fluctuating component of the term y also increases, and it can be calculated from a multiple time scale analysis (using as the expansion parameter) that, as a consequence, the damping drops tõ ÿ ÿ1 ; i.e., the breathers begin to span over a time scale of the order of .
When continues to increase, the breathers become chaotic, as can be seen in Fig. 3(c) . Here, we are in front of a hybrid regime where the chaos is triggered at a ns time scale and superimposed onto the low-frequency limit cycle whose period is of the order of a few s. In Fig. 3(d) , it is shown that a further increase of leads to the destruction of the breathers and to chaotic oscillations without any trace of slow-scale dynamics. In Fig. 4 , we can see the inner structure of the breathers of Fig. 3 . The enlargement of Fig. 4(a) shows the quasi-square-wave 2T D -periodic structure of the breathers of Fig. 3(b) , in accordance to the winding frequency! =R predicted by the theory, while Fig. 4(b) displays the fast-scale chaotic nature of the breathers shown in Fig. 3(c) .
This dynamical behavior has also been recovered experimentally. In the experimental setup, the electro-optical modulator is a 10 GHz commercial LiNbO 3 integrated Mach-Zehnder modulator with V dc 4:0 V and V 4:2 V. The coherent optical feeder of this modulator is a distributed feedback semiconductor laser emitting at the standard infrared wavelength of 1550 nm. The delay line is a 6 m long single-mode optical fiber yielding an overall time delay of 30 ns. The wide-band amplified photodetector has a sensitivity of 2 V=mW and a 10 GHz bandwith. The radio-frequency electronic driver SHF100CP has a bandwidth ranging from 30 kHz to 25 GHz, and it performs within the nonlinear feedback loop an amplification whose gain is 18 dB (26 dBm at 1 dB compression). The amplitude of the background random noise of the experimental setup has been measured in the < 1 regime (small feedback gain, when the fixed point x 0 is a stable solution), and it is typically from 20 to 30 times smaller than the amplitude of the breathers which are obtained experimentally. Fig. 3 (c) which were symmetric relative to the horizontal axis ( ÿ=4). In Fig. 6 , an enlargement of the experimental time traces is displayed, and it enables one to have a better insight into the underlying mechanism of the process. The onset of chaos at the beginning of each breather is shown in Fig. 6(a) . The transients related to the time delay T D can clearly be recognized. Enough time is provided for these transients to evolve towards fully developed chaos as can be seen in Fig. 6(b) , and therefore the occurrence of this phenomenon is not only related to the integro-differential dynamical property of the feedback loop, but also to the ratio between the different time scales of the system.
To the best of our knowledge, it is the first time that chaotic breathers are identified in a delayed dynamical system, even though it is known that chaotic breathers can exist in systems of ordinary differential equations. For example, they have been encountered in N-dimensional nonlinear systems with many time scales, where the nonlinearity is topologically present in a single direction of the state space: in that context, they emerged as the consequence of a nonlinear combination of N ÿ 1 oscillation modes, the so-called full instability regime [8] . Chaotic breathers have also been met in nonlinear systems excited by a high frequency forcing term modulated in amplitude by a slowly varying quasiperiodic envelope [9] . In our case, chaotic breathers appear as a new solution in autonomous and delayed dynamical systems, a robust and stable intermediate state between periodicity and full chaos.
In conclusion, this study has evidenced that in delayed dynamical systems, fast-scale chaos can coexist with slowscale periodicity. We have shown that this phenomenon can be observed in a relatively simple model, as the result of the interplay between a bandpass filter and a nonlinear feedback delay term. In systems where the filter is only low pass (and not bandpass) as in the Ikeda model, fastscale chaos is observed when the feedback strength is high enough; however, slow-scale periodicity (breathers) can definitively not arise. The disparity between the various time scales should also be emphasized, as in our case, for example, they span over 6 orders of magnitude. Neuronal systems also typically present a wide diversity of time scales in their dynamics, and they can display a large variety of spiking and bursting behaviors that are ruled by nonlinear evolution equations similar to the flow (2) [10] ; if the propagation delay were taken into account in such models, we could expect chaotic breathers to appear. In general, depending on the ratios between their related time scales, coexistence of chaos and periodicity could also be observed in other delayed dynamical systems, provided that the delayed feedback signal is subjected to a kind of bandpass filtering.
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